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THE DIRICHLET PROBLEM IN A CLASS OF GENERALIZED 
WEIGHTED MORREY SPACES 

VAGIF S. GULIYEV, MEHRIBAN N. OMAROVA, AND LUBOMIRA SOFTOVA 


Abstract. We show continuity in generalized weighted Morrey spaces 
Mp. v {'w) of sub-linear integral operators generated by some classical in¬ 
tegral operators and commutators. The obtained estimates are used to 
study global regularity of the solution of the Dirichlet problem for linear 
uniformly elliptic operators with discontinuous data. 


1. Introduction 

In the present work we study the global regularity of the solutions of a class 
of elliptic partial differential equations (PDEs) in generalized weighted Morrey 
spaces. Recall that the classical Morrey spaces L p \ were introduced in [24] in or¬ 
der to study the local behavior of the solutions of elliptic systems. In [3] Chiarenza 
and Frasca show boundedness of the Hardy-Littlewood maximal operator A4 and 
the Calderon-Zygmund operator 1C 

Mf(x ) = sup 1 [ \f(y)\dy and JCf(x)=[ k(x-y)f(y)dy 

B(x) \B\ X )\ x) J IR n 

in Lp^xiW 1 ), where the supremum is taken over all balls centered in x G M n . Inte¬ 
gral operators of that kind appear in the representation formulas of the solutions 
of various PDEs. Thus the continuity of the Calderon-Zygmund integral in cer¬ 
tain functional space permit to study the regularity of the solutions of boundary 
value problems for linear PDEs in the corresponding space. 

Moreover, various Morrey spaces are defined in the process of study. Guliyev, 
Mizuhara and Nakai [9, 23, 25] introduced generalized Morrey spaces M p>ip (see, 
also [10, 11, 27]). Komori and Shirai [21] defined weighted Morrey spaces L PjK {w)\ 
Guliyev [14] gave a concept of the generalized weighted Morrey spaces M Pyip {w) 
which could be viewed as extension of both M p , p and L PtK (w). In [14], the 
boundedness of the classical operators and their commutators in spaces M P)ip (w) 
was studied. In this paper we apply these estimates to study the regularity of the 
solution of Dirichlet problem for linear elliptic partial differential equation with 
discontinuous coefficients. The presented result is a generalization of previous 
works [6, 17, 29]. 
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The paper is organized as follows. We begin introducing some function spaces 
that we are going to use. In Sections 4 and 5 we study continuity in the spaces 
Mpj~(w) of certain sub-linear integrals and their commutators with bounded mean 
oscillation functions. These results permit to obtain continuity of the Calderon- 
Zygmund operator and its commutator that is shown in Section 6. In the last 
section we give an application of these estimates to the study of linear Dirich- 
let problem for elliptic equations. This problem is firstly studied by Chiarenza, 
Frasca and Longo. In their pioneer works [4, 5] they prove unique strong solv¬ 
ability of 

{ Cu = a l i(x)Dau = fix) a.a. ie!l, 

V ' 3 o M ' (1.1) 

u £ IF 2 (D) n ITi(D), p £ (1, oo), cW £ VMO 

extending this way the classical theory of operators with continuous coefficients 
to those with discontinuous coefficients. Later their results have been extended 

O 

in the Sobolev-Morrey spaces W 2 A (D) n Wp(fi), A £ (1 , n) (see [7]) and the 

O 

generalized Sobolev-Morrey spaces W p ^(D)nlFp(D) (see [29]) with <f> as in [25]. In 
[17] we have studied the regularity of the solution of (1.1) in generalized Sobolev- 
Morrey spaces Wp ^iil) where the weight function tp satisfies a certain supremal 
condition as in [11], We show that Cu £ M pif (Q) implies DijU £ M Pjip {Q) 
satisfying the estimate 

\\D ^ T 11^11) • 

These studies are extended on divergence form linear elliptic and parabolic equa¬ 
tions in [2, 18]. 

Throughout this paper we use the following notations and conventions. We let 
9 be a bounded domain. As usual, Dpu, D^u and Du = {D\u ,..., D n u ) mean 
the partial derivatives and the gradient of u. The ball in M n is denoted by B r {x o) 
or more generally by B r and the unit sphere is § n_1 . The complementary of B r 
is B r r and B^r stands for a ball centered in the same point as B r with radius 2 r. 
For any measurable function / we write /b = py /g f{y)dy and 


(J^\f(x)\ Pdx 


The letter C is used for various positive constants and may change from one 
occurrence to another. 


2. Weighted spaces 

We start with the definitions of some function spaces that we are going to use. 
Definition 2.1. (see [19, 26]) Let a £ L 1 1 oc (M n ) and a Br = rg-r f B a{x)dx. Define 


7 'a(R) = sup -j-r / | a(y) - a Br 

r<R |l5r| J Br 


dy V R > 0. 


We say that a £ BMO (bounded mean oscillation ) if 

||a||* = sup 7 a (i?) < +oo. 
R> 0 
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The quantity ||a||* is a norm in BMO modulo constant functions under which 
BMO is a Banach space. If 

lim 7 a (R) = 0 , 

then a GVMO (vanishing mean oscillation ) and we call 7 a (R) a VM O-modulus 
of a. 

For any bounded domain 11 C 1" we define BMO(Ll) and VMO[i 1) taking 
a £ Li(fl) and integrating over fl r = 17 n B r . 

According to [1], having a function a £ BMO(Ll) or VMO(Lt ) it is possi¬ 
ble to extend it in the whole M n preserving its BMO -norm or VM O-modulus, 
respectively. In the following we use this extension without explicit references. 

Lemma 2.1. (John-Nirenberg lemma, [19]) Let a 6 BMO andp E (1, 00 ). Then 
for any ball B there holds 

iw\ Ib^ V ^ ~ aB ^ dy ) 

As an immediate consequence of Lemma 2.1 we get the following property. 


Corollary 2.1. Let a £ BMO, then for all 0 < 2r < t the following inequality 
holds 


I a Br - a Bt I < C||a||* In 

I I r 

where the constant is independent of a, t and r. 


( 2 . 1 ) 


We call weight a nonnegative locally integrable function w on R n . Given a 
weight w and a measurable set £ we denote the tc-measure of £ by 

w(£) = J w(x) dx . 

Denote by L Pi ^(M n ) or L p ^ w the weighted L p spaces. It turns out that the strong 
type (p, p) inequality 

\ Vp / r \ 1 /p 

(Mf(x)) p w(x)dx) < C p (J \f(x)\ p w(x)dx) 



holds for all / £ L PtW if and only if the weight function satisfies the Muckenhoupt 
A p - condition 

[iu} Ap := sup ^ w(x) dx^j w(x)~Mi dx^j < 00 . ( 2 . 2 ) 

The expression [w\a p is called characteristic constant of w. The function w is A\ 
weight if Mw{x ) < C\w{x) for almost all x £ M n . The minimal constant C\ for 
which the inequality holds is the A\ characteristic constant of w. 

We summarize some basic properties of the A p weights in the following lemma 
(see [ 8 , 22 ] for more details). 


Lemma 2.2. (1) Let w £ A p for 1 < p < 00 . Then for each B 


1 ^ h; ( b) 


= \B\ 


- 1 IU,,ll 1 /p in.,— ~ 11 ^ u.A/p 

LVB) W w P Wl p ,(B) < Maj, ■ 


(2.3) 
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(2) The function w p- 1 is in A p >, where ^ = 1, 1 < p < oo with charac 


teristic constant 


U„' = Ha/ 


(3) The classes A p are increasing as p increases and 

[w\a q < [w\ Ap , 1 < q < p < oo . 

(4) The measure w(x)dx is doubling, precisely, for all A > 1 

w(XB) < X n P[w} Ap w(B). 

(5) If w G A p for some 1 < p < oo , then there exist C > 0 and 5 > 0 such 
that for any ball B and a measurable set £ C B, 


1 f\ £ W < w ( £ ) 


< C( M 

\B\ 


Ha p \\B\J w(B) 

(6) For each 1 < p < oo we have 

IJ A p = Aoc and < [w]a p 

l<p<oo 

(7) For each a G BMO , 1 < p < oo and w G A^ we have 

1 


|a||* = C sup 
B 


w(B) 


'B 


I a{y) - a B \ p w{y) dy 


(2.4) 


The next result follows from [14, Lemma 4.4], 

Lemma 2.3. Let w G A p with 1 < p < oo and a G BMO. Then 

W 1 ) J B Hy) - a Br \ p 'w{y) l - p ' dy'j p ' < C[w\ p A J\a 
where C is independent of a, vj and r. 


(2.5) 


Definition 2.2. Let ip(x, r ) be a weight in S7 x R+ -A M+ and w G A p , p G [1, oo). 
The generalized weighted Morrey space M Pjip (£l,w) consists of all functions / G 
LpyfiT) such that 


p,ip,w;Q. 


sup <p(x, r) 1 
x€Q,r> 0 


i/p 


w{B r {x)) 


-l 


' Q, r (x) 


\f(y)\ p w(y) dy 


< oo, 


where fi r (x) = fl D B r (x ). 

Generalized Sobolev-Morrey space W p<p (Q,w) consists of all functions u G 
W pw (Q) with distributional derivatives D s u G M Ptip (Ll,w ), 0 < |s| < 2 endowed 
by the norm 

\H\w^(n,w) = 'y " 11 -^ 

0<|s|<2 

o 

The space W pp (yi,w) n W p(p {fl,w) consists of all functions u G W pw (Ll) n 

O 

W pw (Q) with D s u G M Pjip (Q,w), 0 < |s| < 2 and is endowed by the same 

O 

norm. Recall that W p W (H) is the closure of Cq°(LI) with respect to the norm in 

l')!,,.(L>). 
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Remark 2.1. The density of the Cq° functions in the weighted Lebesgue space L PtW 
is proved in [28, Chapter 3, Theorem 3.11]. 


3. Sub-linear operators generated by singular integrals in M Piip (w ) 

Let T be a sub-linear operator such that for any / G L i(R n ) with a compact 
support. Suppose that for x ^ supp/ the following inequality holds 

' Tfix)l - c Lw^ dy - {3i> 

where C is independent of /. 

The following results generalize some estimates obtained in [6, 9, 11, 15, 16]. 
The proof follows as in [15] making use of the boundedness of the weighted Hardy 
operator 

/»oo 

H l9(r):= g(t)ip(t) dt, 0 < r < oo . 


Theorem 3.1. f[12, 13] j Suppose that v\,V 2 , and if are weights on M+. Then the 
inequality 

ess supu 2 (r)Hlg(r) < Cess supui (r)g(r) (3.2) 

r>0 r>0 


holds with some C > 0 for all nonnegative and nondecreasing g on M + if and 
only if 


B := ess sup V 2 (r) 

r> 0 



ess sup fi(s) 

t<s< OO 


dt < oo 


(3.3) 


and C = B is the best constant in (3.2). 


Theorem 3.2. Let 1 < p < oo, iv 6 A p and the pair (ip i, (^ 2 ) satisfy 

1 

r oo ess inf <pi(x, s)w(B s (x))p .. 

/ -I- d f<C V2 ( X ,r), (3.4) 

dr w(Bt(x))p 1 

and T be a sub-linear operator satisfying (3.1). If T is bounded on L PtW and 
||T/|| PjW < then T is bounded from M P:lfl (w) to M p>ip2 (w) and 

)\Tf\\ Pm , w <C(w]i p \\f\\ p , vuw (3.5) 

with a constant independent of f. 


For any a G BMO consider the commutator T a f = aTf — T(af ) such that for 
any / G L i(M n ) with a compact support and x fL supp/ it holds 

\T a f(x)\ <C [ \a(x) - a(y)\ dy (3.6) 

jR n \ x ~ y 1 

with a constant independent of /, a, and x. Suppose in addition that T a is bounded 
in L P ' W satisfies the estimate ||T a /|| PjW < C||a||*[io]y p ||/|| P)W . Then the following 
result holds as in [15] by the use of Theorem 3.1. 
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Theorem 3.3. Let p G (l,oo), w G A p , a G BMO and the pair (<pi,<f 2 ) satisfy 


r-oo / + \ ess inf ipi(x, s)w(B s (x))p 

1 + In - ) - T - E < C ip 2 (x, r) 

' r \ r J w(Bt(x))p * 


(3.7) 


with a constant independent on x and r. Suppose that T a is bounded in L PtW and 
satisfies (3.6). Then T a is bounded from M Ptipi (w) to M Pt(p2 {w) and 


\Taf\\ 


P,<P 2,W 


< C[w\ 


p,(pi,W 


(3.8) 


4. Sub-linear operators generated by nonsingular integrals in 

M p „(w) 

Let R™ = {x = (xi,... ,x n ) G R n : x n > 0}. For any x G R” define x = 
(xi,..., x n _i, — x n ). Let T be a sub-linear operator with a nonsingular kernel such 
that for any / G Li(R+) with a compact support. Suppose that the following 
inequality holds 

P7(*)| <C f (4.1) 

j r" \ x — u i 

where C is independent of /. 

Lemma 4.1. Letw G A p , p G (l,oo), the operator T satisfy (4.1) and be bounded 
on L p ^(M , |) with ||T/|| P)W < C'[iu]y p ||/|| P)tl ,. Let for any fixed xo G R” and for 
any f G L^(R^) 

/ °° r jf 

wiB+Mr 1 ' r \\f\\ r „ BPxo) j<^. (4.2) 

Then 

~ — 1 i rjf 

f T /llp,«i,;B+(*o) - C l W V Ap w ( B r( x o))* l w U 3 t( x o))~^\\f\\^ w . B + {xo) J (4.3) 

with a constant independent of x o, r, and f. 


Proof. Consider the decomposition f = fi + f 2 with f\ = /x 2 B + (x 0 ) anc ^ 
/2 = /X(2e + (x 0 )) c ' because of the boundedness of T in L P)U ,(R") we have as in 

[17] 

ll r /l|lp,«i ; B+(x 0 ) — C[w\A v \\f\\ p ,w,2Bt(xo) ' 

Since for any x G Bf(x 0 ) and y G (2Bfi(xo)) c it holds 


1 3 

2 l x o -y\<\x-y\< -|x 0 - 2 /| 


(4.4) 


we get as in [17] 


|T/ 2 (x)| <c 


hr \Jb+(x 0 ) 


\f(y)\dy 


dt 

t n+l ' 
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Using the Holder inequality and (2.3) we get 

~ r°° 

RAM I < c / n/ii^,^ 


' 2r 


dt 


o) £n+l 


dt. 

p,w;Bf(x o) £ ‘ 


< c-Hi? / M^ + M)- 1/ l/|| 

Direct calculations give 

for all / € satisfying (4.2). Thus, 

ll-^/llp,w;B^(xo) — ll^llp^Uol + ll^lUi^Uo) 

d/P 


(4.5) 


U-t/ , , . 

- (4.6) 


— C[Ma v \\J \\p,w,2B+{x 0 ) 


(4.7) 


On the other hand, by (2.3) 

/■°° dt 

,w;2B+(x 0 ) — < ^l^( a;o )lll/llp,tu;2B+(xo) / )T+I 


< C'|B+(s 0 )| 


/ 2r 


dt 

p,w;Bf(x o) ^n+1 


< CHi>( e r + (u)) 1/P 


' 2r 
fOC 1 


p,w\Bf {xo) 


w 


■ 1 /P IL, 




p';Z37(iro) £n+l 


< C[«;]" s u7(B r + (xo)) 1/p / HLu;(B+(xo))- 1 / 1, ||/|| 


' 2r 


dt 

p,w;Bf(x o) j- 


<w(B+(xo)) 1/p / tn(fl+(*o))- 1/p ||/|| 


' 2r 


dt 

p,w\Bf(x o) ~f 


(4.8) 


which unified with (4.7) gives (4.3). 


Theorem 4.1. Let in G A p , p G (l,oo), t/ie pair (<pi,<d 2 ) satisfy (3.4) and T 
be bounded in T PjU ,(ffi”). T/ten it is bounded from M P)<P1 (M™ , in) in M Pj(p2 (M™, in) 
and 


\\TfWpwmWt < C'Na p II/IIp.¥>i,w;R+ 

with a constant independent of f. 

Proof. By Lemma 4.1 we have 

~ I /*oo 

ll^/llp,^,^ < C'ML SU P Piixir)- 1 w(Bf(x))- 1/p \\f\\ 

P xeK^,r>0 Jr 

Applying the Theorem 3.1 with 

ni(r) = <pi(z,r)~ 1 tn(H+(:c)) _1/p , n 2 (r) = <p 2 (x, r) -1 

V’M = in(H+ ( x))~ 1/p r~\ g{r) = \\f\\ PtW . B + {x) 


(4.9) 


dt 


p,w,Bf{x) £ 
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to the above integral, we get as in [17] 


\\Tf\\ 




<C[w]\ sup (pi(x,r) 1 w(B+(x)) 1/,p 




p,W]Br {x) 


= C[w\ 


p,if • 


5. Commutators of sub-linear operators generated by 
nonsingular integrals in M pip (w) 

For any a G BMO consider the commutator T a f = aTf — T(af) where T is the 
nonsingular operator satisfying (4.1) and / G Li(M”) with a compact support. 
Suppose that for x suppf 

\T a f(x)\ <C [ |a(.x) - a(y)\ dy, (5.1) 

jr™ F ~ y\ 

where C is independent of /, a, and x. To estimate the commutator we shall 
employ the same idea which we used in the proof of Lemma 4.1 (see [17] for 
details) and the properties of the Muckenhoupt weight. 


Lemma 5.1. Let w G A p , p G (l,oo), a G BMO and T a be a bounded oper¬ 
ator such that ||T a /|| P)W;R n < C[io]^||a||* ||/|| PiTO; Rn . Suppose that for all f G 
Lp°^(M!f:), xq G M” and r > 0 applies the next condition 


Then 



1 + In - 


p,w;Bf(x o) dt 

* — < oo . 


rJ w{Bf(x 0 )y/P t 


(5.2) 


~ l roc 

\^ a f\\p,w;Bf(x 0 ) — C[ w ]a p \\a\\*w(B+(xo)) 1/p 

J 2 r 


1 j n t\ \\f\\p,w,B+(x 0 ) dt 

11 r) w{B?(x 0 )y/P t. 

(5.3) 


Proof. The decomposition / = fx 2 B+(x 0 ) + fX( 2 B+(x 0 )p = h + h gives 

II~ IC/./l Wp^jr.Bf (xq) 11 ■^ 0/2 llp,tt);B+(a;o)' 


From the boundedness of T a in L PiW (M. r f) it follows 


\Tafl\\ 


p,w;Bf(x 0) 


< C[w 


1 /p 


p,w;2Bf (10)' 


On the other hand, because of (4.4) we can write 

ll^a/sll p,w;B+(x 0 ) 

<c( f ( f l-W~“«>wll^»)l 0 ” m(l)dx ) 

\Jb?(z o) \/( 26 +(*o)) = ko - y\ n J 

1 \ (r |a(,) --*<••> ^ d x w{x)d f 

B+{x 0 ) (2Bf (xo)) c Fo - y\ n ) 


^ 1/p 

1 /p 


+ c 
= h + h. 
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Where, as in [17], we have 


h<Cw(B+(x 0 ))p 


12 r JB+(x 0 ) 


Hy)- a B+(x 0 )Wf(y)\ d y^Ti- 


Applying Holder’s inequality, Lemma 2.1, (2.1) and (2.5), we get 

1 r yj -j- 

h <cw(b+(x 0 ))p \ a (y)~ a Bt(x 0 )\\f(y)\ d yi^+i 

J2r JBt(x o) ^ 

1 roo j* 

+ Cw(B+{x q ))v / / |a B+(xo) - a B + {xo) \\f(y)\dy — T 

J2r JBT(xo) 0 




< Cw(Br (xq))p 


Wp,w,Bf (xq) £n+l 

— 1 /*°° f 1 rjf 

+ C HA p w ( B r( x o))*’M* / ln-||/|| P)M , ;Bt(a . o) u;(H t (.To))"r — 


/ 2r r 


< c 'ML^(^(®o)) p ||o| 


v,Bt( XO ) w ( B t( x o)y* 


— 1 /’°° f 1 (jf 

+ C[w\^w(B+( x o)HMI* ^ ln -|l/llp W B+(* 0 )W(^ + (*o)) _? y 

— 1 7*00 / f \ 1 r]f 

< C HA p w ( B r( x o)y\H* I y + ^-)\\f\\p, w -B+( xo )W{I 3 +(xo)yP j . 


By (2.1) and (4.5) we get 

i i r°° i 

7 2 < C+ILIMI* +H+(x 0 ))r / +++o)) p 


Summing up /i and /2 we get that 


p,w;Bf(x 0 ) f 


l T a/2|| PiW ; B +( XO )<GH^II«ll*^(^(*o))' J ( 1 + ln ^) ~~~~r y- 

42r v 7 U>(£>j (xq)) p L 


Finally, 


^o/llp,w;B+(x 0 ) — ^MaJH 


p,to;2Z3^ (xo) 


+«,(b+(xo))? f( 1 +ln *)HWw* 


r/ Ui(H f + (x 0 ))r 




and the statement follows by (4.8). 


Theorem 5.1. Let re £ A p , p £ (l,oo), a £ BMO and the pair + 1 ,^ 2 ) satisfy 


1 + In 


t x ess mf (x, s)u;(H+ (x)) p dt 


;(H t +(x))i 


y<C^ 2 + r). (5.5) 
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Suppose T a is a sub-linear operator satisfying (5.1) and bounded on Tp jTO (ffi”). 
Then T a is bounded from M P:ipi (Wf,w) to M PtP2 (M r f,w) and 

\\T a f\\p,<p a ,w-Rl < C'MaJ ll a ll* \\f\\p,<fii,w;Rl (5.6) 

with a constant independent of f and a. 

The statement of the theorem follows from Lemma 5.1 and Theorem 3.1 in the 
same manner as in the proof of Theorem 4.1. 


6. C alder on-Zygmund operators in M pp {w) 

In the present section we deal with Calderon-Zygmund type integrals and their 
commutators with BMO functions. We start with the definition of the corre¬ 
sponding kernel. 


Definition 6.1. A measurable function : M n x M n \ {0} —> M is called a 

variable Calderon-Zygmund kernel if: 


*) 


ii) 


IC(x, •) is a Calderon-Zygmund kernel for almost all x G M n : 

ia) JC{x,-)eC°°(R n \{ 0}), 

ib) K.(x,/j,$,) = pT n lC(x ,£) V/U > 0, 

Q f §n -i/C(x,€)do-£ = 0 /g„-! \JC(x,€)\das < +oo, 


max 

\(3\<2n 


£>|/C 


oo;R n xS ri_1 


M < oo. 


The singular integrals 


&f(x) -=P-V. [ IC(x, x - y)f(y ) dy, 

Jr™ 

£[a, f](x) :=P.V. [ K,(x,x-y)[a(x)-a(y)]f(y)dy 
=aSif(x) - A(af)(x) 


are bounded in L PtW (see [16] for more references) and satisfy (3.1) and (5.1). 
Hence the following results hold as a simple application of the estimates from § 3 
and § 4 (see [17] for details). 


Theorem 6.1. Let w G A p . p G (1, oo) and be weight such that for all x G M n 
and r > 0 



1 + In 


ess inf <p(x, s)w(B s (x)) 

t<s< OO 


1 

p 


w(B t (x))p 


j < C (p(x,r). 


( 6 . 1 ) 


Then for any f G M Ptlf (M. n ,w) and a G BMO there exist constants depending on 
n,p,ip,w, and the kernel such that 


\\&f\\p,<p,w < c[w] 


P,(f,W ? 


II £[a, f]\\p, v ,w < C'MaJI 0 


P,tp,w • 


The assertion follows by (4.9) and (5.6). 


( 6 . 2 ) 
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Corollary 6.1. Let Ll C R n , dLl £ C 1,1 , 1C : LI x R n \ {0} —>■ R be as in Defini¬ 
tion 6.1, a £ BMO(Ll ) and f £ M Pt(p (Ll,w) with p, p, and w as in Theorem 6.1. 
Then 


\\m 




< C[w\ 






p,(p,w;Q 


< C[w} 


with C = C(n,p,p, [w]a p , |fi|,/C). 


| p,<p,w;Q 

(6.3) 


Corollary 6.2. (see [4, 17]j Let p, p, and w be as in Theorem 6.1 and a £ VMO 
with a VMO-modulus 'y a - Then for any e > 0 there exists a positive number po = 
p 0 (s, 7 a ) such that for any ball B r with a radius r £ (0, po) and all f £ M p ^[B r , w) 


||^[ a ) /] \\p,<p,w;B r — C £ ll/llp,i^,ro;B r 


(6.4) 


with C independent of e, f, and r. 


For any x,y £ R” define the generalized reflection T(x;p) 

T(x-,y) = x- T{x) = T(x; x) : R+ -A R" , (6.5) 

where a” is the last row of the matrix a = and R™ = {x = (xi,..., x n ) £ 

R n : x n < 0}. Then there exist positive constants C\ , C 2 depending on n and A, 
such that 

Ci\x-y\ < |T(x) - y\ < C 2 \x-y\ Vi,i/£R". (6.6) 

Then the nonsingular integrals 


Rf(x) := / K.(x,T(x)-y)f(y)dy (6.7) 

Jr™ 

£[a,f](x):= [ /C(x,T(x) - y)[a(x) -a(y)]f(y)dy 
Jr™ 

are sub-linear and according to the results in Sections 4 and 5 we have. 

Theorem 6.2. Let a £ BMO(R"), w £ A p , p £ (l,oo) and p be a measurable 
function satisfying (6.1). Then Rf and <£| a, f] are continuous in M v u,(Wl,w) 
and for all /£ M p ^(Wf,w) holds 

\\&f\\p,ip,w,R™ < (J[ w ]\ p Wf\\p,ip,w,R™ ll^[ a i /] Hp.ip.tujK™ 5; ^\. w Va p ll a ll* ll/llp,¥>,w;R” 

( 6 . 8 ) 

with a constant dependent on known quantities only. 


Corollary 6.3. (see [4, 17 ]) Let p, p and w be as in Theorem 6.2 and a £ VMO 
with a VMO-modulus y a . Then for any e > 0 there exists a positive number 
Po = Po(£>7a) such that for any ball Bfi with a radius r £ (0, po) and all f £ 
M Pjip (B+,w) 


11^1°’ f]\\p,<p,w;Bf — ^ £ \\f\\p,ip,w;B^ 


where C is independent of s, f and r. 


(6.9) 
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7. The Dirichlet problem 

Let 12 C M n , n > 3 be a bounded C' 1,1 -domain. We consider the problem 


{ Lu = a l i{x)DijU + b l (x)DiU + c(x)u = f(x) a.a. 
W* ip (tl,w)nWl(n,w), p e ( l,oo) 
subject to the following conditions: 

Hi) Strong ellipticity: there exists a constant A > 0, such that 

fA- 1 ^ 2 < f/'-'f.rls/s./ < A|£| 2 a - a - x ^ V(Gl n 
1 a l Hx) = a? l {x) 1 < i, j < n. 


(7.1) 


(7.2) 


Let a = {<W}, then a G Loo(H) and ||a|j = ll a * J lloo;D by (7.2). 

H-f) Regularity of the data: a G 1 /MO(Q) with VMO- modulus y a := ^ 7 a o, 
b\c G 1/00(11), and / G M P;¥ ,(12, w) with re G A p , 1 < p < 00 and 
ip : 12 x R + -7 M+ measurable. 

Let £ = dS(x)D l j, then Cu = f(x) — b l {x)Diu{x) — c(x)u. As it is well known 
(see [4, 17] and the references therein) for any x G supp u. a ball B r C 12' and a 
function v G Co°(B r ) we have the representation 


Dijv(x ) = P.L [ r ij(x,x- y ) £u(y) + (a hk (x) - a hk (y))D hk v(y) dy 
JB V L J 

+ £u(x) / (7.3) 

JS"- 1 

= &ij£v(x) + D/ifeu](x) + £u(x) / T.,(x; y)yida y . 

J S n_1 


According to Remark 2.1 the formula (7.3) holds for v G iy 2 , u ,(R r ). Here r^x, £) = 
I2^ 1 Z2^.r(x, £) and Ty are variable Calderon-Zygmund kernels as in Definition 6.1. 
Then the operators Ry and £y are singular integrals as R and (£. In view of the 
results obtained in Section 6 we get for r small enough 

\\D V — C (^11^ ^||p,ip,uj;6 r T ||2^^||p,(p,M!;Br) ■ 


Taking r such that Ce < 1 we can move the norm of D 2 v on the left-hand side 
and write 

\\D U|| p t <p t w\Br — ^ 11 11 p,<p,W',Br ' (7-4) 

Take a cut-off function rj(x) G C^°(B r ) 


7](x) 


1 x G Bq v 
0 x 0 Bgr r 


such that O' = 0(3 — 6)/ 2 > 0 for 6 G (0,1) and \D s rj\ < C[0( 1 — 0)?’] s for 
s = 0,1, 2. Apply (7.4) to v(x) = r](x)u(x) G W 2 ^(23 r ) we get 

P 2 'U'\\p,ip,w;Bg r <\\D 2 — C < ll^'' j; llp,<p,ui;B e / r 


— C ( ll^'' u llp,ip,'U);B e / r . 


0(1 — 0)r 


INI p,y,w;B g t r \ 
[0(1 - 0)r] 2 y • 
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Since 1 < for r < 4 and 


W^' u ^\p^,w\B g i r 5: C( ||-^' u ||p,i^,'U);B 0 / r . + \\Du\\p^ Wt s g t r + ||'u||p,ip;tu,B e / r .) (7-5) 


we can write 


II 7 ~i 2 „,m ^ /~i l \\ r„,ll , \\ Du \\p,<P,w,B e , r , IMIp,<p,«;;B e , r j 

11-° n ll p,<p,w,B 0r < c y\ Lu \\p,‘P,w;B g , r + g(i _gy + [0(1 _(9)r] 2 i ' 

Now consider the weighted semi-norm 

0 S = sup [0(1 - 0)r\ b \\D s u\\ p ^ w -B er s = 0,1,2. 

0«9<1 

Because of the choice of O' we have 9(1 — 0) < 20'(1 — O'). Thus, after standard 
transformations and taking the supremum with respect to 0 G (0,1) we get 

©2 < C {r 2 \\Lu\\ Pj( p jW .B e , r + @i + @o) • (7-6) 

Lemma 7.1 (Interpolation inequality). There exists a constant C independent 
of r such that 

C 

0i < e ©2 H-0o for any e G (0, 2). 

Proof. For functions u G W p _ w (B r ), p G (1, oo) and w G A p we dispose with the 
following interpolation inequality proved in [20] 

\\Du\\p tW -ts r < C ^||'u|| p , w; B r . + \\ u \\p^ W] B r \\^ 2u \\p^w,Br) ' 

Then for any e > 0 we have 

||77n||p,ui;0 r ^ C* ^^1 + —^ + — ||Z? n||p,ui;S r ^ • 

Choosing e small enough, taking 6 = dividing all terms of (p(x,r)w(B r ) 1 ^ p 
and taking the supremum over B r we get the desired interpolation inequality in 

M PtV ,(w) 

C 

ll-^’^llp.p,'!!);.^ — ^ll-^ ^l|p,<p,tiJ;B r 4 II ^llp,ip,M);Z3 r ■ (1.7) 

We can always find some 0 o G (0,1) such that 
01 < 2[0 O (1 - 0 0 )r]\\Du\\ Pj(PtW .i3 eor 

— 2[#o(l — ^o)f] ^d\\D u\\ Pt( p jW -is eor + — ||'u||p,<p,t«;B So7 ,^ • 


The assertion follows choosing <5 = §[$o(l — #o)f] < 0$r for any e G (0, 2). 

Interpolating 0i in (7.6) and taking 0 = 1/2 as in [17] we get the Caccioppoli- 
type estimate 

||77 '0'\\p,<p,w,B r ^2 — ^7(l|1'^llp, l P,'w;Sr T ^2 ll^llp,<p,u!;S r ) • 

Further, proceeding as in [17] and using (7.5) and (7.7) we get the following 
interior a priori estimate. 



THE DIRICHLET PROBLEM IN A CLASS OF GENERALIZED .. . 


283 


Theorem 7.1 (Interior estimate). Let u £ W p ^ff c {Lt) and L be a linear elliptic 
operator verifying H\ and H -2 such that Lu £ w ) with p £ (1, oo), w £ A p 

and ip satisfying (6.1). Then DijU £ L p ^(Ll',w) for any kl 1 CC kl" CC 0 and 

\\D — C ( H^llp,ip,MJ;f2" T i (7.8) 

where the constant depends on known quantities and dist (LI', dkt"). 

Let x° = ( x',0 ) and denote by C 7 the space of functions u £ Cfi°(B r (x 0 )) with 
u = 0 for x n < 0. The space W p ’w(B r (x o)) is the closure of C 7 with respect to 
the norm of W pw . Then for any v £ W p ff,(Bf (x 0 )) the following representation 
formula holds (see [5]) 

Dijv(x) =&ij£v(x ) + £ij[a hk D hk v](x) 

+Cv(x) j T j (x,y)y i da y +lij(x) V i,j = 1, .... ,n, 

J§ n ~ 1 

where we have set 

lij(x) = &ijCv(x) + £ij[a hk ,D hk v\(x), V i, j = 1,... ,n - 1, 

Iin{x) = Ini{x) = &ii(D n T{x)) l £v(x) + [a hk , D hk v\(D n T{x)) 1 

V i = 1,..., n — 1, 

Inn(x) = &ls(D n T(x)) l (D n T(x)) S £v(x) 

+ l ls [a h \ D hk v( X )\(D n T(x)) l (D n T(x)) s , 

where 

D n T(x ) = ((ivr(z)) 1 ,... , (D n T(x)T) = T(e n , x). 

Applying the estimates (6.8) and (6.9), taking into account the VMO proper¬ 
ties of the coefficients a lv s, it is possible to choose ro small and applying the 
interpolation inequality (7.7) 


I T; j v 


V U W 


< C(\\Lv\ 


p,ip;w,B. 


■+ + N 


p,ip;w,Br 


(7.9) 


for all r < ro (see [17] for details). By local flattering of the boundary, covering 
with semi-balls, taking a partition of unity subordinated to that covering and 
applying of estimate (7.9) we get a boundary a priori estimate that unified with 
(7.8) gives the following theorem. 


Theorem 7.2 (Main result). Let u £ W p(p (Lt,w) n Wp(tt,w) be a solution of 
(7.1) under the conditions H\ and H- 2 - Then for any w £ A p , p £ (l,oo) and p 
satisfying (6.1) the following estimate holds 

\\D 'U'||p ) (p,ui;n — C (||'ll||p,<p,ro;f2 “I - || 

and the constant C depends on known quantities only. 


Let us note that the solution of (7.1) exists according to Remark 2.1. The 
proof follows as in [4, 5] using (7.5) and the interpolation inequality in weighted 
Lebesgue spaces [20]. 
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